The conformal invariance properties of a Dirac oscillator are established. A set of operators is constructed whose algebra shows that it can be considered as a conformal system. The operators are then used to solve the problem using algebraic techniques. The superconformal generalization of the algebra is also worked out, and some consequences of these invariances for the properties of the model are mentioned.
INTRODUCTION
Conformal invariance in quantum mechanical systems or in quantum field theories has been investigated for its interesting possibilities for superstring theories, and for its relationships with the statistical mechanical description of systems undergoing second-order phase transitions. '-6 In the attempt of obtaining a purely algebraic solution to the Dirac oscillator, we came across its conformal invariance properties. In this work we are going to discuss these conformal properties. As we shall see, this invariance is hidden; this solves the apparent contradiction between the existence of a conformal invariance and the nonvanishing mass of the system. We shall also discuss the relationship of the conformal properties with its hidden supersymmetry, and we will pinpoint some of the consequences of these symmetries for the properties of the model. The paper is organized as follows. In Sec. II we will review the basic properties of the Dirac oscillator. In Sec. III we will introduce ladder operators for the system and will show that these operators can be regarded as the generators of the conformal group, and we shall use them to obtain an algebraic solution to the problem. In Sec. IV, given the interest in supersymmetry and its relationship with the factorization method,* we shall develop the supersymmetric extension of the ideas presented in the preceding section. Some conclusions will be offered in Sec. V.
II. THE DIRAC OSCILLATOR
The recently rediscovered Dirac oscillator is an exactly soluble model obtained by a nonminimal coupling scheme applied to the Dirac equation;'." its name stems from the fact that it has a three-dimensional harmonic oscillator with a very strong spin-orbit coupling as nonrelativistic limit, and from the fact that the components of its radial solutions are of the same form as those of the three-dimensional harmonic oscillator. The model basically amounts to a Lorentz covariant but anomalous interaction term for the Dirac equation, whose form has suggested some applications of it in quantum chromodynamics (QCD).lolll The Dirac oscillator possesses an exact solution whose energy spectrum has been interpreted as the manifestation of a hidden supersymmetry.
Variants of this problem were studied in the past as model systems whose spectra had some of the characteristics of the hadronic spectra.'2-18 The system was recently rediscovered' and investigated7"0*'94 due to its uses in relativistic many body theories, for its relationship with supersymmetric models in relativistic quantum mechanics, and for its potential usefulness in QCD.
The Dirac equation with a Dirac oscillator interaction' is (fi = c = 1)
where m is the mass, w > 0 is the constant oscillator frequency, and where the 4X4 Dirac matrices 01 and p are given by (2) where u are the Pauli spin matrices and 1 stands for a 2X2 unit matrix. It has been shown7*" that Eq. ( 1) 
such that H,F,(p) = (q,/4)F,(p); for convenience, we will now drop the subindices f , and we will put them back only if they are needed. The conformal invariance of the radial equation for a Dirac oscillator is now clear from the fact that H is, essentially, the sum of the conformal Hamiltonian H, plus the conformal operator K:
H=f(K+HA where we have defined1S26 (10) The Hamiltonian defined in Eq. ( 1) behaves as an odd operator that belongs to the class of interactions which, without regard to the intensity of the coupling, do not mix positive energy states with negative ones.7*10S20V2' It also commutes with the total angular momentum operator J, and so we can split the Dirac wave function as the product of an angular with a radial part as Hc=f(p2+Up2) and (11) where we have introduced the scaled variable p = (ma) "2c the 91 are spinor spherical harmonics describing the angular behavior of the wave function, E is the energy of the oscillator, and, as Hno also commutes with the parity operator,7'9*'0 we have introduced the parameter K=b2.
( 12) As is known, any operator of the form ( 10) is compact and can be used as the generator of the dynamics of a conformally invariant system.'S2 In fact, given the isomorphism between the conformal group and the 0( 2,l) group,' we can consider H as the generator of a compact rotation, whereas the operators defined as A=f(K-H,) and (13) I + 1; if parity is ( -1)j+'12, E= -1, if parity is ( -1 )j-112,
and j is the total angular momentum quantum number, j = l/2,3/2,... . (14) are the generators of the hyperbolic noncompact rotations. These three operators can be taken as the generators of 0(2,1), for they together satisfy the algebra26
D= -f(pp+ppL
Now, it can be readily shown that the radial components F, (p) satisfy equations of the form d* ,I --7+$+p2 dp F* =rld'ict,
where we have defined . thus D can be identified with the dilatation operator. We can now introduce the Casimir operator1-5 for the system q*: = (E*-m2)/mu-e(2j+ l)*l.
These equations will be the starting point of our discussion.
whose value, after a straightforward calculation, is found to be
Ill. LADDER OPERATORS AND CONFORMALITY
If we take p = -id/dp, we can introduce a pair of Hamiltonians associated with (5) as
hence, we can see in what sense the equations of motion for a Dirac oscillator are conformally invariant. We may say that in the case of a Dirac oscillator, confinement (at the level of our present discussion, simply the fact that all its states are bounded7P9*'o ) appears as the result of the addition of a conformal operation to a nonconfining but conformally invariant system. Let us now introduce the operators L, = AkiD.
These play the role of ladder operators since they, together with H, satisfy the commutation relations
[H&*1 = *La,
[L+,L-] = -2H; these commutation relations can be useful for calculating matrix elements for the problem." If we write the eigenvalue equation for the Dirac oscillator as
where 1 n) are its eigenstates and IO) labels the vacuum state, then, using the commutation relations (19), it is easy to see that the energy eigenvalues 8,, are non-negative and that they differ from one another by one unit, i.e., that ffn= FYo+n.
To determine go, it suffices to note that 
I,=;* ;+p, d
and as go > 0, using the appropriate value for ilk, we obtain the Dirac oscillator spectrum:'
whereN=2n+I.N=012 , , ,**-, is the principal quantum number.
The explicit form of the eigenstates can be obtained from In)a:Ly...LyIO), (25) where, as we can easily show, the effect of L + on the ket 1 n) can be expressed by the operator
If we normalize the states as (n I n') = a,,,,, then L* I n) = c", I n f 1 ), where the coefficients C* satisfy C!, = ( c"_ ) * and can be obtained from IcI*12= gn(%$l) -Z?e(EFe-l)>O.
The vacuum state satisfies L _ IO) = 0. Using this result and (26) (see the Appendix), we obtain the F* as
where L;(p) is an associated Laguerre polynomial, l=j + e/2, I' = j -e/2, n = (N -1)/2, n = 0,1,2 ,..., and n' = n -l/2 + e/2)0 (Ref. 27). The normalization constants are given by
IV. SUPERCONFORMALITY IN THE DIRAC OSCILLATOR
The results of the previous section can be generalized to the supersymmetric case. 2P7 This will show the hidden superconformality present in the Dirac oscillator. To this end, let us introduce the fermionic operators $+ = $(a~ + ia2>, Q, = ( -ip + (dp) (j + 1/2))tlrt, We can express also the conformal operator in this language as K = ${s,s+};
thus S can be considered as the "square root" of the conformal operator K. With the above definitions in mind, we can show that the dilatation operator D, the conformal operator K, and the super-symmetric Hamiltonian Xc together form a superconformal algebra in the sense that:2T28P29 8~~~9 = x0 (34) ;{s,s+) = K,
and ~{Q$'+}=iD-fB+ic(j+k).
We can construct the supersymmetric Hamiltonian for the Dirac oscillator using the operators Q, and S in the following way. First, let us define
Q=Qc+s; (38) now, using the fermionic operators M and Q, we can construct the two related Hamiltonians where H2 is, excepting for the constant 2mw, the radial Hamiltonian of the Dirac oscillator,' and R is the compact rotation operator of the superconformal algebra, defined as2
R is also the supersymmetric generalization of the generator of the compact rotations, Eq. ( 11)) of the conformal algebra. The super-potentials ml(p), m2(p), and m,(p) associated with H,, H2, and Zc are, respectively, given by ml(p) = e(j+ 1/2)lnp -(1/2)p2, Note that the constant e( j + l/2) is playing here the role of a (dimensionless) coupling constant for all the superpotentials associated with the problem. Now, the supersymmetric generalizations of the ladder operators defined in ( 18) are given by L, = -f(Xc -KF2iD), (43) and the associated algebra for these operators is given by L -= -t{M,Q+>, (4) L + = -i{M+,Q}.
All other anticommutators such as {Mt,Qt}, etc., are found to vanish.
The solution of the supersymmetric Hamiltonian associated with the Dirac oscillator can be obtained, using essentially the same arguments we previously used for obtaining results (24) 
tH,,LI = *L,.
The Casimir operator for the supersymmetric case is found to be J+R2-C2-@ I ;zu+ 1) -;,
The superconformal algebra closes since 
[Z'.,S] =Q,=Q-S.
A consequence of relations (50) to (53) is that Qt and Q play, respectively, the role of raising and lowering operators for the Hamiltonian HI, whereas M and Mt play the same role for H2. This can be seen at once from W,,Q+l = -Q+ (54) and [H2,h4] = Mt.
We see that L + raises the value of H,, without changing the value of B, whereas Qt does it by changing the value of B, Similar results follow for Hz. Now, following a similar method to the one we used previously for obtaining the energy spectrum and eigenfunctions for the Hamiltonians H, [Eq. (6)], we can solve the supersymmetric problem for R. The solution for H, and H2 follows, in turn, from (39) and (40). The results can be written as
for H, and (n+$(l +c)(j+ I), for B=h Kt2 = I n+l+f(l+e)j, for B = -i,
for Hz. We remark that since HI, H2, and R commute with each other, the solutions (28) and (29) form a complete and simultaneous eigenfunction set for these three operators. The base state solutions are then the normalizable eigenfunctions
A-exp( -p2/2)p"+', for B= -f.
From this, we conclude that the supersymmetry remains unbroken for both HI and H2 (Ref. 7) . Notice that this result seems to be in contradiction to the conclusions obtained in Ref.
2, but this is not so; the resolution of the apparent disagreement can be found in the effect of the coupling constant which appears in Eq. (42), where, in contrast with the discussion in Ref. 2, the sign of the dimensionless coupling constant e(j + l/2) has to be chosen in such a way as to obtain the appropriate topology of the superpotentials for maintaining unbroken the supersymmetry, and hence for obtaining normalizable base states.
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V. CONCLUSIONS
We have established the hidden conformal and superconformal properties of a Dirac oscillator; as a by-product, we have obtained a set of ladder operators for the system. These can be used together with usual algebraic techniques30'31 to evaluate certain expectation values or matrix elements, as has recently been done using a set of operators obtained independently." It is worth noting that the Hamiltonians HI and H2 introduced in connection with the supersymmetric extension of the conformal properties of the Dirac oscillator, can be obtained by performing the following nonminimal substitutions in the Dirac equation
where the + sign corresponds to HI and the -sign to H2 In this sense, if H2 is associated to a particle with an anomalous (chromo)magnetic moment,7'10 the conformally related Hamiltonian HI is associated with its antiparticle.
The conformal invariance of the Dirac oscillator implies that the square of its energy levels are equally spaced, as can be seen from Eqs. (24) and (25). Conformality also implies that the square of its excitation spectrum is additive6 and, as this property is expected to be true in the spectrum of a system of elementary particles, the applications of the Dirac oscillator may be relevant for particle models, in addition to its possible uses in QCD 7*10*11 although it has been recently established that the uies of the model as an approximate confining interaction is seriously spoiled by the behavior of its vacuum.32 These invariance properties are nevertheless related to the stability properties of the Dirac sea.10p20V21 ACKNOWLEDGMENTS We express our thanks to A. A. Stahlhofen for pointing out to us some of the older references to this problem, to 0. L. de Lange for pointing out and correcting the mistakes in the eigenfunctions appearing in Ref. 7, and to H. N. Niiiiez-Ytpez for her helpful comments on the manuscript. We must thank also A. Terek, P. Pinto, N. Marconi, S. Mikei, K. Tiki, and U. Tuga for very interesting discussions.
APPENDIX
Here, we will sketch how the explicit form of the radial eigenfunctions of the Dirac oscillator can be obtained.
If we write $J, I n), and as, in the $, basis, L!"'=; (p2F(;+p$-) -c), 
where C is a normalization constant. Also, for n > 1, we have *n= wp1ct,-,,
where C,, is also a normalization constant. Now, using the identity33 L:(x) = exp(x)xmm g (x" + "exp( -x)),
with L:(x) an associated Laguerre polynomial, and the fact that, excepting for normalization constants, 
where x=p2. From Eq. (A7) with appropriate identifications for taking care of the plus or the minus component of the radial eigenfunctions and normalizing the results, we immediately get Eqs. (28) and (29).
